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We investigate the pressure of the pion, which should be equal to zero to ensure the stability of
the pion, within the framework of the chiral quark model beyond the chiral limit. The pressure of
the pion turns out to vanish nontrivially by the Gell-Mann-Oakes-Renner relation within the present
framework. It implies that the stability of the pion might be deeply rooted in spontaneous chiral
symmetry breaking. We also discuss physical quantities relevant to the energy-momentum tensor
operator.
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1. The energy-momentum tensor form factors
(EMTFFs) of hadrons, also known as the gravitational
form factors, provide crucial information on how quarks
and gluons are distributed to form a hadron[1]. On the
one hand, it is almost impossible to get access to the
EMTFFs experimentally, because they are probed by
very weak graviton exchange. On the other hand, the
EMTFFs are related to the moments of the generalized
parton distributions (GPDs)[2–6]. They are identified as
the second moments of the isoscalar GPDs that are de-
fined as the hadronic matrix elements of a nonlocal flavor-
singlet vector operator. These GPDs are experimentally
accessible, for example, via deeply virtual Compton scat-
tering or exclusive reactions.
The EMTFFs of the pion reveal explicitly its internal
structure, in particular, in regard to spontaneous chiral
symmetry breaking (SχSB), since the pion, the lightest
hadron, is a Goldstone boson arising from SχSB. The di-
agonal space components of the energy-momentum ten-
sor (EMT) are identified as the pressure of the pion which
should vanish to ensure its stability. This stability con-
dition of the pion should be satisfied by any approach
of describing the structure of the pion. In this Letter,
we want to show how the pressure of the pion is just ex-
pressed in terms of the Gell-Mann-Oakes-Renner (GOR)
relation [7], based on the chiral quark model (χQM). The
model can be constructed in such a way that chiral sym-
metry and its spontaneous breaking is realized by the
nonlinear pion field without an elementary scalar field.
The χQM furnishes a simple but effective framework in
investigating the structure of the pion. It has been shown
to be successful in explaining various properties of the
pion. The EMTFFs of the pion have been already stud-
ied within similar frameworks in the chiral limit. In this
limit, the pressure of the pion trivially vanishes. When
one turns on chiral symmetry breaking explicitly, promi-
nent features emerge: The pion mass leads to a split of
the two EMTFFs at zero momentum transfer and the sta-
bility of the pion is secured by the GOR relation. Both
features are all deeply rooted in the pattern of explicit
chiral symmetry breaking.
2. The isoscalar vector GPD of the pion is defined
as the pionic matrix element of the nonlocal vector cur-
rent [8, 9]
2δabHI=0pi (x, ξ, t) =
1
2
∫
dλ
2pi
eixλ(P ·n)
〈
pia(p′)|ψ¯(−λn/2)/n[−λn/2, λn/2]ψ(λn/2)|pib(p)
〉
, (1)
where n denotes the light-like auxiliary vector. The P
is defined as P = (p′ + p)/2 and t designates the square
of the momentum transfer t = (p′ − p)2. The gauge
connection [−λn/2, λn/2] can be suppressed in the light-
cone gauge. While the first moment of the isovector GPD
yields the electromagnetic form factor of the pion, the
second moment of the isoscalar GPD defined in Eq. (1)
provides the generalized form factors A2,0 and A2,2 as
∫
dxxHI=0pi (x, ξ, t) = A2,0(t) + 4ξ
2A2,2(t). (2)
These two form factors are in fact the same as the
EMTFFs, which are defined as the matrix element of
2the EMT 〈
pia(p′)|Tµν(0)|pi
b(p)
〉
=
δab
2
[(tgµν − qµqν)Θ1(t) + 2PµPνΘ2(t)] , (3)
where Tµν denotes the quark part of the QCD EMT op-
erator defined as
Tµν(x) =
1
2
ψ¯(x)γ{µi
←→
∂ ν}ψ(x). (4)
The form factors Θ1 and Θ2 are called the EMTFFs,
which were already put forward by Pagels [1] decades
ago. Compared with Eq. (2), we have the relations
Θ1 = −4A
I=0
2,2 and Θ2 = A
I=0
2,0 . The low-energy theorem
tells that the EMTFFs should satisfy the following two
condition at the zero-momentum transfer: Θ2(0) = 1
and Θ1(0) − Θ2(0) = O(m
2
pi) [8, 10]. The first condi-
tion ensures that the pion mass is correctly reproduced,
which is given by the the fully temporal component of
the matrix element of the EMT
〈
pia(p)|T44(0)|pi
b(p)
〉∣∣
t=0
= −2m2piΘ2(0)δ
ab, (5)
which gives the mass of the pion. On the other hand, the
pressure of the pion is defined as the matrix element for
the sum of the EMT spatial components
〈
pia(p)|Tii(0)|pi
b(p)
〉∣∣
t=0
=
3
2
tΘ1(t)
∣∣∣∣
t=0
. (6)
We will soon show that Eq. (6) will be related to the
GOR relation.
We are now in a position to compute the EMTFFs
within the framework of the χQM [11–13]. It is known
that the SU(2)L × SU(2)R chiral symmetry is spon-
taneously broken to the vector subgroup SU(2)V by
the quark condensate, which gives rise to the Gold-
stone bosons that correspond to the homogeneous space
SU(2)L×SU(2)R/SU(2)V known as the Goldstone-boson
manifold. The Goldstone boson fields or the pion fields Σ
satisfy the following transformation Σ→ LΣR† with the
left-handed (right-handed) transformations L(R). Thus,
having integrated out the quark fields, the effective chiral
action in Euclidean space can be written as follows
Seff = −NcTr log [i/∂ + iMΣPL + iMΣPR + imˆ] , (7)
where Nc is the number of colors and PL(PR) denote
the projection operators defined as PL = (1 − γ5)/2 and
PR = (1 + γ5)/2. The Tr stands for the functional trace
over all involved spaces. The pseudo-Goldstone boson
field pi is represented nonlinearly as
Σ = exp
(
iτ · pi
fpi
)
(8)
with the Pauli matrices τi and the pion decay constant
fpi. The M is the diagonal vacuum expectation value of
the Σ, which is called the dynamical quark mass that
arises from SχSB. Since we consider explicitly the chiral
symmetry breaking [7, 14], the current quark mass matrix
mˆ = diag(mu, md) is introduced in the effective chiral
action. Assuming isospin symmetry, we can define the
current quark mass m as m = mu = md.
The quark EMT operator corresponding to Eq. (7) has
the same form as Eq. (4). One can now straightforwardly
compute the matrix elements of the EMT operator:
〈
pia(pf )|Tµν(0)|pi
b(pi)
〉
= δab
2Nc
f2pi
∫
dk˜
∑
i
Fi(k, p, q)µν + (µ↔ ν) (9)
with
Faµν = −
MMkdµkdν
DbDc
Fbµν =
2M2kdν
DaDbDc
[
−kaµ
(
kbc +M
2
)
+ kbµ
(
kac +M
2
)
+ kcµ
(
kab +M
2
)]
, (10)
where the internal quark momenta are defined as kaµ =
kµ − pµ/2 − qµ/2, kbµ = kµ + pµ/2 − qµ/2, and kcµ =
kµ+pµ/2+qµ/2. In addition, we have introduced abbre-
viations dk˜ = d4k/(2pi)4, M = m +M , Di = k
2
i +M
2
,
kd = kb+kc, and kij = ki ·kj for convenience. It is inter-
esting to observe that redundant quadratic divergences
in Eq. (9) are canceled each other except for the term
yielding the quark condensate. In the chiral limit, the
quadratic divergent terms are all canceled out.
Selecting the diagonal spatial parts of the matrix el-
ements at zero momentum transfer and summing them,
we arrive at the following expression
P = 〈pia(p)|Tii(0)|pi
a(p)〉
=
12NcmM
f2pi
∫
dl˜
−l2
[l2 +M
2
]2
+
12NcM
2
f2pi
∫
dl˜
∫ 1
0
dx
−p2l2
[l2 + x(1 − x)p2 +M
2
]3
(11)
In the chiral limit, the pressure trivially vanishes because
of m = 0 and p2 = −m2pi = 0. When one switches on the
explicit chiral symmetry breaking, Eq. (11) looks appar-
ently persistent. However, the first term is pertinent to
3the quark condensate in Euclidean space −i〈ψ†ψ〉, which
is related to that in Minkowski space 〈ψ¯ψ〉 = −i〈ψ†ψ〉,
defined as
i〈ψ†ψ〉 = 8Nc
∫
dl˜
M
[l2 +M
2
]
, (12)
while the second term is proportional to the pion decay
constant expressed as
f2pi = 4Nc
∫ 1
0
dx
∫
dl˜
MM
[l2 +M
2
+ x(1 − x)p2]2
. (13)
Equations (12) and (13) being used, Eq. (11) turns out
to be related to the GOR relation
P =
3M
f2piM
(
m
〈
ψ¯ψ
〉
+m2pif
2
pi
)
, (14)
which vanishes. Thus, the pressure of the pion beyond
the chiral limit is still kept to be zero and consequently
the stability of the pion is ensured. This is a remarkable
result, since it gives a hint that the stability of the pion
should be deeply rooted in SχSB and the pattern of ex-
plicit chiral symmetry breaking. The result of Eq. (14)
is unique for the pion.
3. We now continue to compute and discuss the
EMTFFs and the corresponding transverse charge densi-
ties. The EMTFFs are derived from the matrix element
given in Eq. (9)
Θ1(t) =
1
t
4Nc
f2pi
∫
dk˜
[
−
MM
DbDc
(
k2d −
(kd · P )
2
P 2
)
+
2M2
DaDbDc
(
−(kbc +M
2
)
(
kad −
(kd · P )(ka · P )
P 2
)
+(kac +M
2
)
(
kbd −
(kd · P )(kb · P )
P 2
)
+ (kab +M
2
)
(
kcd −
(kd · P )(kc · P )
P 2
))]
, (15)
Θ2(t) =
1
P 2
2Nc
f2pi
∫
dk˜
[
−
MM
DbDc
(
−k2d +
3(kd · P )
2
P 2
)
+
2M2
DaDbDc
(
−(kbc +M
2
)
(
−kad +
3(kd · P )(ka · P )
P 2
)
+(kac +M
2
)
(
−kbd +
3(kd · P )(kb · P )
P 2
)
+ (kab +M
2
)
(
−kcd +
3(kd · P )(kc · P )
P 2
))]
. (16)
Since Eqs. (15) and (16) for the EMTFFs are diver-
gent, we need to introduce a regularization to tame
the divergences. The proper-time regularization is em-
ployed, in which the current quark mass m and the UV
cut-off parameter Λ are fixed to be m = 16MeV and
Λ = 652MeV, respectively, by using the experimental
data mpi = 139.57 MeV and fpi = 93MeV. Note that the
value of Λ is not much different from that in the chiral
limit (Λ = 650MeV). The quark condensate turns out to
be 〈ψ¯ψ〉 = −(220)3MeV3. The dynamical quark mass,
which is only the free parameter of the present model, is
taken to be 350 MeV [13].
Fig. 1 draws the EMTFFs Θ1(t) and Θ2(t) as func-
tions of t. As shown in Fig. 1, Θ1 is deviated from Θ2
with the explicit chiral symmetry breaking, whereas they
are identical in the chiral limit. Though t increases, the
difference between Θ1 and Θ2 are kept to be more or less
stable. When the momentum transfer is very small, it
was explicitly shown in chiral perturbation theory (χPT)
that the EMTFFs are expressed in terms of the gravita-
tional low-energy constants (LECs) L11, L12, and L13 in
the presence of gravity[10]:
Θ1(t) = 1 +
2
f2pi
[
t(4L11 + L12)− 8m
2
pi(L11 − L13)
]
0.0 0.2 0.4 0.6 0.8 1.0
−t [GeV2]
0.5
0.6
0.7
0.8
0.9
1.0
Θ1(t)
Θ2(t)
FIG. 1: The energy-momentum tensor form factors beyond
the chiral limit.
Θ2(t) = 1−
2t
f2pi
L12. (17)
Expanding Eqs.(15) and (16) with respect to t or the
chiral effective action (7) in curved space by the heat-
kernel expansion [15, 16], we find the values of the LECs
4to be
L11 =
Nc
192pi2
= 1.6× 10−3,
L12 = −2L11 = −3.2× 10
−3,
L13 = −
Nc
96pi2
M
B0
Γ
(
0,
M2
Λ2
)
= 0.84× 10−3, (18)
where Γ(0,M2/Λ2) stands for the incomplete Gamma
function with the cutoff mass Λ and B0 = −〈ψ¯ψ〉/f
2
pi.
The results of the LECs are in good agreement with those
from χPT given as L11 = 1.4 × 10
−3, L12 = −2.7 ×
10−3, and L13 = 0.9 × 10
−3 at the scale of 1 GeV. The
identical expressions for L11 and L12 were already derived
in Refs. [17–20], whereas the value of L13 is distinguished
from those in them.
The transverse charge densities provide essential infor-
mation on how the quarks inside a pion are distributed.
Once the EMTFFs or the generalized form factors are
given, one can derive the transverse charge density ρ20(b)
as a function of the impact parameter b in the transverse
plane by carrying out the two-dimensional Fourier trans-
form of them:
ρ20(b) =
∫ ∞
0
QdQ
2pi
J0(bQ)Θ2(t), (19)
where b =
√
b2x + b
2
y. In Fig. 2, we illustrate the trans-
FIG. 2: The transverse charge density ρ20(b) as a function of
b =
√
b2x + b2y.
verse charge density ρ20(b) of the pion as a function of
b, which is spherically symmetric. With by fixed to be
zero, we draw ρ20(b) in Fig. 3, which shows that ρ20(b)
becomes singular as bx approaches zero. This singular
behavior is already known for the transverse charge den-
sity of the pion in the leading order [21, 22].
The square of the transverse charge radius of the
EMTFFs is defined as
〈
b2
〉
20
=
∫ ∞
0
d2b b2ρ20(b). (20)
We derive the corresponding numerical results as√
〈b2〉20 = 0.270 fm and 0.264 fm, respectively, in the
0.0 0.1 0.2 0.3 0.4 0.5
bx[fm]
0
3
6
9
12
15
ρ
2
0
(b
)[
fm
−
2
]
FIG. 3: The transverse charge density ρ20(b) as a function of
b =
√
b2x + b2y with by fixed to be zero.
chiral limit and with mpi = 140 MeV. These values are
approximately two times smaller than those of the trans-
verse charge radius of the pion electromagnetic form fac-
tor. For example, we obtain
√
〈b2〉10 = 0.535 fm with
the same pion mass, based on the results of Ref. [23],
which is almost the same as the phenomenological one
0.53 fm [24].
4. In this Letter, we investigated the energy-
momentum tensor form factors or the generalized form
factors of the pion, based on the chiral quark model
with explicit flavor SU(3) symmetry breaking . We first
showed that the pressure of the pion vanishes due to the
Gell-Mann-Oakes-Renner relation, which is essential to
keep the pion stable. We studied a difference between the
two form factors Θ1(t) and Θ2(t) at Q
2 = 0, which arises
from the finite pion mass. We presented the results of
the low-energy constants for the energy-momentum ten-
sor form factors of the pion in comparison with those
from chiral perturbation theory. Finally, we computed
the corresponding transverse charge density of the pion
electromagnetic form factor. The present result exhibits
a singular behavior as the impact parameter approaches
zero. The present transverse charge radius turns out to
be approximately as twice as smaller than that of the
pion electromagnetic form factor.
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